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- AKA:
QuaS| NOI‘mal MOdeS (QNMS) - scattering resonances

- resonant states
- leaky modes

Well studied in electromagnetism .
- quasi BICs
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Lalanne et al. Laser & Photonics Reviews 12, 1700113 (2018).
Both et al. Semicond. Sci. Technol. 37,013002 (2021).
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AKA:

- scattering resonances
- resonant states

- leaky modes

-quasi BICs

Quasi Normal Modes (QNMs)

Well studied in electromagnetism
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- AKA:
QuaS| Norma I MOdeS (QN MS) - scattering resonances
- resonant states

- leaky modes

Well studied in electromagnetism .
- quasi BICs
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Vial et al. Phys. Rev. A 89, 023829 (2014).

Lalanne et al. Laser & Photonics Reviews 12, 1700113 (2018).
Both et al. Semicond. Sci. Technol. 37,013002 (2021).

Extension to frequency dispersive materials

Zolla et al. Opt. Lett., OL 43, 5813-5816 (2018).
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Quasi Normal Modes in elasticity
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Quasi Normal Modes in elasticity
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Marti-Sabaté et al. Phys. Rev. Res. 5, 013131 (2023).
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Elastic waves on thin elastic
plates: scattering and modal
analysis
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Equations of motion
Kirchoff Love theory for thin elastic plates

wavenumber k* = <1
: - Eh3
Displacement bending stiffness D = 12(1-22)

Resonators contribution Strength / impedance
2 2
R@)W(r) = > ta(w)W(Ra)d(r — Ra). o (w) = B Yhat

Torrent et al. Phys. Rev. B 87, 115143 (2013).
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Multiple scattering

1

Green’s funtion for bare plate G(r) = 2 [Hy(kr) — Hy(ikr)]
Displacement W(r) = W'(r) + Z »,G(r—R,)
Linear system M® =T’

Torrent et al. Phys. Rev. B 87, 115143 (2013).
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Eigenvalue problem

M(w,)®,, =0
No sources! ( )

eigenfrequencies  eigenmodes

Nonlinear eigenvalue problem

How to solve this?

W.-J. Beyn, An integral method for solving nonlinear eigenvalue problems, Linear Algebra and its Applications , 436, 3839 (2012).

H. Chen, On locating the zeros and poles of a meromorphic function, Journal of Computational and Applied Mathematics 402, 113796 (2022).

M. Van Barel and P. Kravanja, Nonlinear eigenvalue problems and contour integrals, Journal of Computational and Applied Mathematics 292, 526 (2016).
S. Giittel and F. Tisseur, The nonlinear eigenvalue problem, Acta Numerica 26, 1(2017).
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Elgenvalue problem Contour integrals with iterative refinement

No sources! b v o
. 6
0.75
eigenfrequencies  eigenmodes 4
0.50
0.25 5
Nonlinear eigenvalue problem 3o
How to solve this? s 0
* Contour integral techniques: need accurate computation ~0.50
of integrals along a closed path in the complex plane o ~
-1.00 _4
-1.00 —-0.75 -0.50 -0.25 0.00 0.2 050 075 1.0
Re z

W.-J. Beyn, An integral method for solving nonlinear eigenvalue problems, Linear Algebra and its Applications , 436, 3839 (2012).

H. Chen, On locating the zeros and poles of a meromorphic function, Journal of Computational and Applied Mathematics 402, 113796 (2022).

M. Van Barel and P. Kravanja, Nonlinear eigenvalue problems and contour integrals, Journal of Computational and Applied Mathematics 292, 526 (2016).
S. Giittel and F. Tisseur, The nonlinear eigenvalue problem, Acta Numerica 26, 1(2017).
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Eigenvalue problem Rayleigh quotient

(.00

log,y|min w,

1
No sources! ~ v

—0.05 P

eigenfrequencies  eigenmodes .
—0.10 ¥

Nonlinear eigenvalue problem = i

How to solve this? &

* Contour integral techniques: need accurate computation —0.20}

of integrals along a closed path in the complex plane
* [terative methods (Rayleigh quotient): need starting guess —
=032 0.4 0.6 0.8 1.0 1.2

W.-J. Beyn, An integral method for solving nonlinear eigenvalue problems, Linear Algebra and its Applications , 436, 3839 (2012). Re w/w

H. Chen, On locating the zeros and poles of a meromorphic function, Journal of Computational and Applied Mathematics 402, 113796 (2022). F

M. Van Barel and P. Kravanja, Nonlinear eigenvalue problems and contour integrals, Journal of Computational and Applied Mathematics 292, 526 (2016).
S. Giittel and F. Tisseur, The nonlinear eigenvalue problem, Acta Numerica 26, 1(2017).
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Elgenva lue prObIem Rayleigh quotient [terative grid search

M(U)n)@n pu— O 0.05F . - . - . . - . . . . : : . . _ , —
No sources! b v T
0.00 -
s x % * x x
eigenfrequencies  eigenmodes -0.05 |
0.10 = o o o 4
Nonlinear eigenvalue problem 3 sl .
o = o b 5 s ’ 4

How to solve this?

020+

* Contour integral techniques: need accurate computation
of integrals along a closed path in the complex plane

—0.25 |

—().30

* [terative methods (Rayleigh quotient): need starting guess

—0.35

o2 o4 Toe O Tos T T

Re w/uw,

W.-J. Beyn, An integral method for solving nonlinear eigenvalue problems, Linear Algebra and its Applications , 436, 3839 (2012).

H. Chen, On locating the zeros and poles of a meromorphic function, Journal of Computational and Applied Mathematics 402, 113796 (2022).

M. Van Barel and P. Kravanja, Nonlinear eigenvalue problems and contour integrals, Journal of Computational and Applied Mathematics 292, 526 (2016).
S. Giittel and F. Tisseur, The nonlinear eigenvalue problem, Acta Numerica 26, 1(2017).
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Elgenva lue prOblem Rayleigh quotient  Local maxima estimate

M(w,)®,, =0
No sources! (wn )@,
AN
01.041
eigenfrequencies  eigenmodes 0.05

n1n

Nonlinear eigenvalue problem

—0.15

Im wfo,

How to solve this?

* Contour integral techniques: need accurate computation
of integrals along a closed path in the complex plane B

* [terative methods (Rayleigh quotient): need starting guess 0.30

~{1.35

k2 .1 0.6 ] 1.0

Re w/w,

W.-J. Beyn, An integral method for solving nonlinear eigenvalue problems, Linear Algebra and its Applications , 436, 3839 (2012).

H. Chen, On locating the zeros and poles of a meromorphic function, Journal of Computational and Applied Mathematics 402, 113796 (2022).

M. Van Barel and P. Kravanja, Nonlinear eigenvalue problems and contour integrals, Journal of Computational and Applied Mathematics 292, 526 (2016).
S. Giittel and F. Tisseur, The nonlinear eigenvalue problem, Acta Numerica 26, 1(2017).
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Example: graded line array
Rainbow trapping

w1 Jw, =0.773-0.097i

Neglecting coupling between resonators
r/Wra = £V 1 —q2 —1i
Wra/WYRa = da dq
1 — L kRamRa — kRaa‘ “p
with ¢, = 75 \/ " phD T 16D wn,

if g, < 1,we have v /wp, = et
where 6, = — arcsin(q,,)

- Rotation in the complex plane
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Graded line array
Eigenmodes

w1 /w, =0.773-0.097i wa/w, =0.793-0.017i ws /w, =0.820-0.012i
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Quasi Normal modes expansion
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Mode expansion

T
Keldysh theorem M1(w) = Z » —1w 5 ?\;ﬁi’j 5 + h(w)

n mn

M. V. Keldysh, On some cases of degeneration of an equation of elliptic type on the boundary of a domain, Dokl. Akad. Nauk SSSR 77,181 (1951)
M. D. Truong, A. Nicolet, G. Demésy, and F. Zolla, Continuous family of exact Dispersive Quasi-Normal Modal (DQNM) expansions for dispersive photonic
structures, Optics Express 28, 29016 (2020)
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Mode expansion

Keldysh th -1 1 ¢, P,
eldysh theorem M~ (w) :Z + h(w)

Overcomplete basis...

arbitrary function u, neglecting h

For the cases tested numerically it seems that u = 1/k? = 1/w¥? works best.

M. V. Keldysh, On some cases of degeneration of an equation of elliptic type on the boundary of a domain, Dokl. Akad. Nauk SSSR 77,181 (1951)

M. D. Truong, A. Nicolet, G. Demésy, and F. Zolla, Continuous family of exact Dispersive Quasi-Normal Modal (DQNM) expansions for dispersive photonic
structures, Optics Express 28, 29016 (2020)
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Graded line array

Excitation coefficients

Field reconstruction

scattering

LY

\ |

Field at R, = (—5,0)a

’\

07 08 09 10
>=3 0,0, “iey
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Graded line array

Displacement spectrum along the array

(a) |(Rp)/G(O)|, modl

1.0

0.9

w/wy

0.8 P—

0.7

I S S T S S S S [ S S S S S S S S S— —

—10 -5 0 10
z/a

()
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(b) error |[W — W™ /|G(0)]
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0.9 E
0.8 i 0.020
0.6 0.8 ] 0.015
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—10 -5 0 5 10
z/a
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Graded line array
Displacement field

10
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Green’s function and LDOS

Assuming the modes are normalized such that ®, M’ (w,,)®
Modal expansion
Green’s function
/ / u(wn) 1 /
glw,r,r') =G(w, r—r )+Z ZCI)n 0@, 5G(w, T—R,)G(w, r'—Ryg)
— u(w) w—uw, .
Local density of states
4k3
L(w,r) = —Im[g(w,r,1)]
s
4k3 u(w,, )
= Lo(w) + — Im = ¢ & Glw,r—R, )Gw,r—R
/‘O(> Wzn: [/LL(C{.})W wZnanﬁ( a)( 5)
LDOS of the bare plate £y(w) = k/27
M. J. A. Smith, M. H. Meylan, and R. C. McPhedran, Density of States for Platonic Crystals and Clusters, SIAM Journal on Applied Mathematics 74,1551 (2014)
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Qu aSi pe ri Od ic CI USte r Normalized LDOS, w/w, = 1.208

direct modal
1400 1400
: 10 1200 10 1200
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E —0.050 ] v ria
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3L ]
& 10 scattering 175
= 2
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0 1.20 1
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—10 0 10 —10 0 10
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Quasiperiodic cluster

(a) w/w, = 1.205
normalized LDOS
1400
. 1.75
191 resonators on a Penrose lattice 1200
1.50
1000 ?
1.25
< 800
. = 3 1.00
Normalized LDOS at the center 600 .
0.000 o e ' - . . | .
°° °® ® ® 400 0.50
[ ] [ ]
§ —0.025 + ] 200 0.5
3 —10 0 10
£ —0.050 ] 2/
—0.075} , , , , ] (b)
- normalized LDOS 900
3L J
- 10 scattering L.75
\ -
2 1.50
o
\k)t: _______________________________________ 3 1.25
[Nl 3 1.00
1.23 1.24 1.25 0.75
Re w/wy 0.50
0.25
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Excitation engineering
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Orthogonality

The eigenvectors can be chosen orthogonal with respect to the generalised scalar product

ifw,, =w,

- { P - M(me):y(wn)q)m7 if w, 75 w,
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Resonances engineering ®=3 b0,
Killing a mode

Choose

n#ng o n
for arbitrary complex valued a,,.
By constructionb, ~ ®, - ¥’ =0.
Incident field W*(r) = >~ p, W} (r) such that:
WiR,) =Y p,Wi(R,) =V

for a = 1...N, and this linear system is inverted to find p,,.

Imperial College London B. Vial et al. Modal Analysis for Controlling Elastic Waves in Platonic MMs 29

09/09/2024



Resonances engineering =) b, =
Killing a mode ) 5
10+ ] e
— — 2 — 6
Choose =y 3 '
| M(w, )—M(w,) . Plane waves _
U= aq, 0 o,
n#no wno T wn 10‘12"’///\/_\‘
for arbitrary complex valued a,,. v e N
By constructionb, ~ ®, - ¥’ =0. . Far field |f(6)

Incident field W*(r) = >~ p, W} (r) such that:

WiR,) =) p,WiR,) =T,

0
| |
. . . . . 0.5 1.0 1.5 2.0
for a = 1...N, and this linear system is inverted to find p,,. g
. Scatter;ing '
I modal’ V
=04} :

Example

Suppression of mode 5 contribution by designing an incident
field as a linear combination of plane waves with angles evenly
distributed between O and 2r.

0.70 075 080 085 090 095 100 105
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Resonances engineering ¢ =3 b0,
Killing all modes except one

K, the N x (N — 1) rectangular matrix with
eigenvectors ®,, as columns apart from ¢, .

By taking ¥ in the null space of K, ,we will have
by definition b, ~ @, - ¥* = 0 for all n + n,,.
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Resonances engineering = b,®y
Killing all modes except one 10-f

105} Point sources

K, the N x (N — 1) rectangular matrix with 10/5/5»—/\
eigenvectors @ as columns apart from cbno_ W

By taking ¥ in the null space of Kno, we will have 07 08 0.9 L0
by definition b, ~ @, - ¥* = 0 for all n + n,,.

Example

A single eigenmode 5 is excited by designing a
linear combination of 10 point sources located
between the resonators at X, = X,, + a/2
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Optimization
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Resonances engineering

Sensitivity analysis Hellmann-Feynman theorem
in quantum mechanics
dE, dH,
85% _ —<I>Z%—M<wn)<1>n dx <% dX %>
A P,
\ Analytical formula

Resonators parameter:
position, mass, stiffness

L LA T,
’ " ""” & RRLLY f’#" (/7
QT <oy
A &Q’Q’ ) "0}};’3‘»“&:*1"’
NN
S

TR ooy
DRSS /
&;‘j’llﬂfnﬂfffz‘?

4’."‘
SRS #’#@?“'ﬁ{y

1l

LTTT
(RS 7,
LIRSS

—_—

Gradient of the objective functional G(p) to be minimized:

RRSSEIKON
P2
iy ofzg@;? =)
55,959 4 iﬂsgﬂ
3_9 _ Z 059 Ow,,
Op dw, Op

‘ - gradient based optimisation
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w1 /w, =1.0399795-0.00000071

Resonances engineering
Designing quasi BICs

Quality factor
1077 Minimize the imaginary part Q~7.3x10°
' of a given eigenfrequency
o 107
2
% ~10 0 10
© T/
10_5 m/mo ]{5/]{50 wr/wr(]
0.989 1.158 0.810 1.015 0.836 1.013
E_ —m E_ T | .
107 3 10} 000°%°:%9¢ ¢ 10} 00°:.%¢ ] 101 00°.%¢
(I) | | | 2IO | | | 4I0 | | g O. ’ ’ .O g O. .O g O. @
iteration number s O o o0 s O e s
_10 | .00.. ..00. i _10 | Y O.. ..O y i _10 | ‘ O.. ..O y
Optimizing masses and stiffnesses ——iv 0 10~ T 0 10 T 010
. o x/a x/a z/a
Fixed positions
35 09/09/2024
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Resonances engineering
Placing eigenvalues in the complex plane

objective = 4.346e-04

(.00
—0.01 |

= —0.02f

§ A

Im w/

—0.03 |

—0.04 |

—0.03 ' ' ' '
0.90 (.92 (.94 (). 596 (0.98

Re w/w,

n=1

Optimizing resonators positions
Fixed masses and stiffnesses

100
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wi /w, =0.9396046-0.02500811 wyfuwy, =0.9604129-0.0250102i

y/a

=20 0 20 —20 0 20

wy fwy, =0.9499993-0.01462061 ws/wy, =0.9500030-0.03538971

—10
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—30
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Resonances engineering
Placing eigenvalues in the complex plane

objective = 1.453e-05

(). 00
—0.01
*
g““" —0.02 1 .
} X, * "
E _0.03}
W .
—0.04
—[].[][f]l : ' — —
.90 ().92 (1,94 (), 96 ().95 1.00
Re w/w,
1 2
_ t
9<Ra) T Z |wn(Ra) wnar’ .
n=1
Optimizing resonators positions
Fixed masses and stiffnesses
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Resonances engineering w1 Jw, =0.9396046-0.0250081i wifw, =0.9604129-0.0250102i
Placing eigenvalues in the complex plane " |

objective = 6.550e-11

0.00 )
—0.01 ¢
i
3 -0.02f
3 g o —20 0 20 —20 ] 20
= 003l r/a r/a
|
- wy Jw, =0.9499993-0.0146206 w3 /w, =0.9500030-0.03538971
S 30
0.0 ' - - - -
.90 0.92 (.94 0.96 (.98 1.00 i
Re w/w,
4 0
2
— E tar B
9<Ra) T |wn(Ra) wn ’ : o
n=1 —320
. - . g w . —30
Optimizing resonators positions ~20 0 20

Fixed masses and stiffnesses
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Conclusion
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Conclusion and future work

QNM analysis and expansion
Fast reduced order model with a few modes

i .. ) i i Open source Python package:
Physical insight into the resonant interraction https://benvial.gitlab.io/klove/

of sources with modes

Resonance engineering and optimization
Extension: gratings

Vial, B., Sabaté, M. M., Wiltshaw, R., Guenneau, S. & Craster, R. V.
Platonic quasi-normal modes expansion. (2024)

Preprint at https://doi.org/10.48550/arXiv.240712042
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Contour integrals

f@) =3~ g

neN (w o wn)p

I" closed loop containing the pole w,, only. Defining the integrals I, fork = 0, 1, 2:

1 %w“p—lf(w)dw S %w“p_l( A dw
T

29 Jn 2im w—w,,)P

Iy

since by Cauchy’s theorem, the integral of g along a closed path is null.
Applying the residue theorem to f; : w - Wk P! &Tﬂwp one obtains:

w m

1 ’ or—1
(p— 1)l wiw,, Jup1

(k+p—1)! ,

[(w_wm>pfk<w)] :Am k'(p—l)' Win

I, =Res,, fi=

- _ (e='L _ p! I
We define ry; = ~=; T and r{, =2 R

Hence Am — ]O, and wm — TOl — T12.
Three cases:
= nopolesif [, =1, =0

= several poles if ry; # rq5
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Rayleigh quotient

Choose an initial pair (w'®, ¥(©) with ||| = 1 and a nonzero vector .
fork = 0,1, ... until convergence do
Solve

M () FE = 2g7 (o 0)) B for Gk,

Set "
W) — e PV
PP (k+1)
Normalize »
k+1
glern _ T
[t
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Explicit expressions for gradients

Imperial College London

Explicit expressions considering the resonator ~ are given by the following:

ow, D

— — P2
Omp, my Wi "
ow,, ::__£Z4p2
Okp., kg, "

The derivative of a matrix element M , ; with respect to position x., (a similar ex-
pression holds for the v, coordinates) is zero unless (&« = yor 5 = v) and a # 3,
we then have:

oM T, —
af

~

k,G1(R, —Rp),

with ¢ = 1if & = vand ¢ = —1 otherwise, and G, (r) = ¢} |
where H, is the first-order Hankel function of the first kind.

H,(kr) —iH,(ikr)],
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